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A problem posed by Dr. Matteo Guainazzi

Systematic errors in comparing effective areas:
Speaking hypothetically, if we label the instruments by
numbers i = 1, . . . ,N and each has an attribute A that is used
to measure the same j = 1, . . . ,M astrophysical sources, with
intrinsic attribute Fj where Cij = AiFj are the instrumental
measurements, then the question is: “Is there a way to decide
how (or whether) to change Ai when the values Cij/Ai do not
agree with Fj to within their statistical uncertainties si?” In
other words, each instrument provides an estimator fj of Fj
with statistical uncertainty sj but |fj − Fj |/sj is often large, not
distributed as a Gaussian with unit variance (but can have zero
mean if we define Fj =

∑
j fjs

−2
j /

∑
j s
−2
j ). How to estimate

the systematic error on the Ai?
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From Vinay ...
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Avoid mixing (deterministic) estimands with
(random) estimators

Use upper case for estimand/parameter; lower case for
estimator/data

Let Ai be the actual effective area of instrument i ; Fj be
the true flux of source j ; then the expected rate can be
modelled as

Cij = AiFj or logCij = logAi + log Fj

Let ai be an estimator of Ai ; fj an estimator of Fj , and cij
be the actual observation from source j detected by
instrument i .

Then it is NOT reasonable to expect cij ≈ ai fj , in the
sense of justifying the“regression”model

log cij = log ai + log fj + eij , E (eij) = 0.
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Distributions cannot be manipulated as numbers

For (deterministic) numbers Y and X

If Y = ρX , then X = ρ−1Y .

For distributional (random variables) Y and X

If regressing Y on X yields (both have zero mean and unit var):

Y = ρX ,

Then regressing X on Y is NOT X = ρ−1Y , but rather

X = ρY .

Here ρ is the correlation between X and Y .

Do not follow “The Rule of Three” (Stephen Stigler,
Seven Pillars of Statistics; ASA President Address, 2014).
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Setting up an Appropriate Model

Notation is important

bi = log ai , Bi = logAi , i ∈ I = {1, . . . ,N}.
gj = log fj , Gj = log Fj , j ∈ J = {1, . . . ,M}.

yij = log cij , i ∈ I , j ∈ Ji ⊂ J.

log-normal model for c

yij = αij + Bi + Gj + eij

eij ∼ indep N(0, σ2ij)

αij = −0.5σ2ij .

Model I: σ2ij = σ2i

Model II: σ2ij = σ2i + σ2j

log-normal models for a and f

bi = βi + Bi + εi

εi ∼ N(0, τ2i ), βi = −0.5τ2i

gj = γj + Gj + δj

δj ∼ N(0, η2j ), γj = −0.5η2j

set ηj = 0 when we do not
want to adjust fj .
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Why do we need the half-variance correction?

This is because, by Jensen’s inequality,

E (cij) = E (eyij ) > eE(yij )

It is well known that

if logX ∼ N(µ, σ2), then E (X ) = eµ+
σ2

2

Therefore, when we set

E (yij) = −0.5σ2ij + Bi + Gj ,

We obtain E (cij) = E (eyij ) = eE(yij )+σ
2
ij/2 = eBi+Gj = AiFj .

When variances are known, simply ”correct” the data

y ′ij = yij + 0.5σ2ij ; g ′i = gi + 0.5τ2i ; f ′j = fj + 0.5η2j



Astrostat
8/11

Xiao-Li Meng
Under the
guidance of

Vinay
Kashyap

(and Herman
Marshall &
Matteo

Guainazzi)

Why do we need the half-variance correction?

This is because, by Jensen’s inequality,

E (cij) = E (eyij ) > eE(yij )

It is well known that

if logX ∼ N(µ, σ2), then E (X ) = eµ+
σ2

2

Therefore, when we set

E (yij) = −0.5σ2ij + Bi + Gj ,

We obtain E (cij) = E (eyij ) = eE(yij )+σ
2
ij/2 = eBi+Gj = AiFj .

When variances are known, simply ”correct” the data

y ′ij = yij + 0.5σ2ij ; g ′i = gi + 0.5τ2i ; f ′j = fj + 0.5η2j



Astrostat
8/11

Xiao-Li Meng
Under the
guidance of

Vinay
Kashyap

(and Herman
Marshall &
Matteo

Guainazzi)

Why do we need the half-variance correction?

This is because, by Jensen’s inequality,

E (cij) = E (eyij ) > eE(yij )

It is well known that

if logX ∼ N(µ, σ2), then E (X ) = eµ+
σ2

2

Therefore, when we set

E (yij) = −0.5σ2ij + Bi + Gj ,

We obtain E (cij) = E (eyij ) = eE(yij )+σ
2
ij/2 = eBi+Gj = AiFj .

When variances are known, simply ”correct” the data

y ′ij = yij + 0.5σ2ij ; g ′i = gi + 0.5τ2i ; f ′j = fj + 0.5η2j



Astrostat
8/11

Xiao-Li Meng
Under the
guidance of

Vinay
Kashyap

(and Herman
Marshall &
Matteo

Guainazzi)

Why do we need the half-variance correction?

This is because, by Jensen’s inequality,

E (cij) = E (eyij ) > eE(yij )

It is well known that

if logX ∼ N(µ, σ2), then E (X ) = eµ+
σ2

2

Therefore, when we set

E (yij) = −0.5σ2ij + Bi + Gj ,

We obtain E (cij) = E (eyij ) = eE(yij )+σ
2
ij/2 = eBi+Gj = AiFj .

When variances are known, simply ”correct” the data

y ′ij = yij + 0.5σ2ij ; g ′i = gi + 0.5τ2i ; f ′j = fj + 0.5η2j



Astrostat
8/11

Xiao-Li Meng
Under the
guidance of

Vinay
Kashyap

(and Herman
Marshall &
Matteo

Guainazzi)

Why do we need the half-variance correction?

This is because, by Jensen’s inequality,

E (cij) = E (eyij ) > eE(yij )

It is well known that

if logX ∼ N(µ, σ2), then E (X ) = eµ+
σ2

2

Therefore, when we set

E (yij) = −0.5σ2ij + Bi + Gj ,

We obtain E (cij) = E (eyij ) = eE(yij )+σ
2
ij/2 = eBi+Gj = AiFj .

When variances are known, simply ”correct” the data

y ′ij = yij + 0.5σ2ij ; g ′i = gi + 0.5τ2i ; f ′j = fj + 0.5η2j
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Shrinkage estimators: combining information

Two sources of information (assuming model (I))

Prior/other-data estimator for Bi :

B̂prior
i = b′i , with Var = τ2i

Calibration-data estimator for Bi :

B̂data
i = ȳ ′i . − ḡi , with Var =

σ2i
Mi

average of {y ′ij − gj , j ∈ Ji}, Mi the size of Ji .

Relative precision: wi = τ−2i /(τ−2i + Miσ
−2
i )

Maximum Likelihood Estimation: Linear shrinkage on log-scale

B̂i = wib
′
i + (1− wi )(ȳ ′i · − ḡi )

We assume the error for gj is negligible; η2j = 0
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We assume the error for gj is negligible; η2j = 0



Astrostat
10/11

Xiao-Li Meng
Under the
guidance of

Vinay
Kashyap

(and Herman
Marshall &
Matteo

Guainazzi)

Power shrinkage on the original scale

Using A=exp(B), we obtain the adjustment

Âi =
[
aie

τ2i /2
]wi

[
(c̃i ·f̃

−1
i )eσ

2
i /2

](1−wi )

where c̃i · and f̃i are the geometric means:

c̃i · =

∏
j∈Ji

cij

1/Mi

, f̃i =

∏
j∈Ji

fj

1/Mi

If we really trust ai , then τ2i → 0 and wi → 1, and hence

Âi → ai , suggesting no adjustment is needed;

When σ2i /Mi << τ2i , wi → 0, suggesting we need more
and more adjustment.
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Âi → ai , suggesting no adjustment is needed;

When σ2i /Mi << τ2i , wi → 0, suggesting we need more
and more adjustment.



Astrostat
10/11

Xiao-Li Meng
Under the
guidance of

Vinay
Kashyap

(and Herman
Marshall &
Matteo

Guainazzi)

Power shrinkage on the original scale

Using A=exp(B), we obtain the adjustment
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If this is all non-sense, hope you are

as jet-lagged as me!
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