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Likelihood Formulation (Marshall 2021)

_ L See 12/1/20 CalStats WG
e Expected counts in dEdy in time T for Q = gI, U = ul: oresentation

* ME,y;ny,q,u)dEdy = [1 + ug(qgcos2y + usin2y)|nA.TdEdy, Where

o A is the instrument effective area (independent of g or u by definition)

e np = ny@ (L) has units of ph/cm?2/s/keV per unit (measured) phase angle, ¥
e Require [1° = q2 + u? < 1 physically (P is fractional linear polarization)
e Define ¢h, = tan~'(u/q) = 2¢

Likelihood: S(g. g,u) = — 21n Z or S(g, u) = — 2 ) In(1 + qu; cos 2y, + up; sin 2y7)

o MDPgg = 4.29/\/ Z uzC(E) for small Pm
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Method for fitting with Background

 Start with likelihood method that accounts for unpolarized BG:

N

2InF=85=- 22 In[Ny(1 + gc; + us;) + CB] + 2N, + 2B(1 + ¢) — 2N, In B
i=1

where ¢; = u;cos 2y, s; = wu; sin 2y, £ = Qo/Cs, N (Np) is count in src (bg) region,

Ny is the expected source counts in the src region

A ¢ s ~ A é/NB —1 :
Then B = Ny, N,y = 2 [1 + Iy, cosQy; + 2¢p) + ——]~, which can be solved
: . X
=1 0
for N, given trial values of IT = \/Q2 + 41* and tan 2§ = /4
N* 2N F20/(Ce+Cp)
Then 67 = and MDPyy —> as [I — 0

Ng 2t Csw?) Cor / (u2)
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Method for fitting with

» As before, let g, and 1, be the normalized g and u for the BG:

Background

N ali
§ = =2 ) InNy(1 +qc, + us) + B + gyc; + 5)] + 2Ng + 2B(1 + ) = 2NgIn B+ =2 3" In(1 + g6, + 0,5)
. i=1

=1
Then B = Nj, §, & Z cj/z cj2 , Uy R Z Sj/z sz from BG region
J J J J

1 | N° “Nj .
Opy > S ] Bz + CZNBHIZ; cos*(2¢p — 2¢hp) | as 11 — 0
) NO zici Z] Cj

e Ist term: same as in unpolarized case

- 2nd term: independent of BG polarization: results from bg pol’'n uncertainty

 3rd term: depends on BG polarization direction; largest along BG EVPA, zero at 45°
. Caveat: requires {*N, < N and ijH%(,uz) <1
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Stokes Method with Background

» Procedure: Subtract independent Stokes of BG region from Source region

— (I, QI, MI,O), Sb — (Ib’ qub’ ubIb,O), St — SS — §Sb

. Want variance of 11, = \/(ql — qblb)z + (ul — ubIb)Z/(I — 1)

- Determine variances in Stokes for regions:

_ 2 4 N 2 N
- V(S,) = (N,Ng~ + , Nu“ + ,0)

> HAcE > HEsE
. Compute V(S,) for BG region, then V(S§,) = V(S,) + CZV(Sb)
. Letg = ITcos2¢,u = Isin2¢, g, = I, cos 2¢,,, u, = I, sin 2¢p,, P? = Q* + U?

Then V(IT) = S +£2— W) Qf V( )+i2V(U) I 0
e T T T T W T W [P i
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Stokes Method with Background

» Procedure: Subtract independent Stokes of BG region from Source region

So far: V(IT) = : Qt V( )+i2V(U
) O Tar: — (N CN )2 Qt t)

« Then

V() ~

N2 52
NN Z e ~ z 2C ~ C*N BH%(COSZ 2¢) cos” 2¢h,, + sin” 2¢h sin* 2¢h, )
— Ny .

62 —> L Al CZNB + E2NRIT% cos’ (2 — 2¢b5) | as [1— 0
- N Z/ﬂcz N e ’

_ Caveat: requires Z,u ~ Z,u and Z C2 o~ 2
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Summary

 Variances are underestimated if BG polarization is assumed to be zero

 Traditional formula is valid only for known unpolarized BG

- OK if there are external reasons to assume unpolarized BG
« Generally, should assume it is possibly polarized

» Error contours will depend on polarization EVPA

. Effect may be small unless 11, and/or { = €2 /€2, are large

- Will only increase uncertainty
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