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Likelihood Formulation (Marshall 2021)

2

• Expected counts in  in time T for :


• , where


•  is the instrument effective area (independent of  or  by definition)


•  has units of ph/cm2/s/keV per unit (measured) phase angle, 


• Require  physically (P is fractional linear polarization)


• Define 


• Likelihood:  or 


• MDP99  for small Pm

dEdψ Q = qI, U = uI

λ(E, ψ; n0, q, u)dEdψ = [1 + μE(q cos 2ψ + u sin 2ψ)]nEAETdEdψ

AE q u

nE = n0ϕ(E) ψ

Π2 ≡ q2 + u2 ≤ 1

ϕ0 = tan−1(u/q) = 2φ

S(n0, q, u) = − 2 ln ℒ S̃(q, u) = − 2∑
i

ln(1 + qμi cos 2ψi + uμi sin 2ψi)

= 4.29/ ∑ μ2
EC(E)

See 12/1/20 CalStats WG

presentation
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Method for fitting with Background
• Start with likelihood method that accounts for unpolarized BG: 

where , ,  ( ) is count in src (bg) region, 

 is the expected source counts in the src region 

• Then , , which can be solved 

for , given trial values of  and  

•
Then  and  as 

−2 ln ℒ = S = − 2
N

∑
i=1

ln[N0(1 + qci + usi) + ζB] + 2N0 + 2B(1 + ζ) − 2NB ln B

ci = μi cos 2ψi, si = μi sin 2ψi ζ = ΩS /ΩB N NB
N0

B̂ = NB
̂N0 =

N

∑
i=1

[1 + Π̂μi cos(2ψi + 2φ̂) +
ζNB

̂N0
]−1

̂N0 Π̂ = ̂q2 + ̂u2 tan 2φ̂ = ̂u/ ̂q

σ2
Π =

N2

N2
0 ∑i c2

i
≈

2N
C2

S⟨μ2⟩
MDP99 ⟶

4.29 (CS + CB)

CS ⟨μ2⟩
Π̂ ⟶ 0
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Method for fitting with Polarized Background
• As before, let  and  be the normalized  and  for the BG: 

 

•
Then ,   from BG region 

•
 as  

• 1st term: same as in unpolarized case 

• 2nd term: independent of BG polarization: results from bg pol’n uncertainty 

• 3rd term: depends on BG polarization direction; largest along BG EVPA, zero at 45° 

• Caveat: requires  and 

qb ub q u
S = − 2

N

∑
i=1

ln[N0(1 + qci + usi) + ζB(1 + qbci + ubsi)] + 2N0 + 2B(1 + ζ) − 2NB ln B + −2
NB

∑
j=1

ln(1 + qbcj + ubsj)

B̂ = NB ̂qb ≈ ∑
j

cj /∑
j

c2
j , ̂ub ≈ ∑

j

sj /∑
j

s2
j

σ2
Π ⟶

1
N2

0

N2

∑i c2
i

+
ζ2N2

B

∑j c2
j

+ ζ2NBΠ2
B cos2(2ϕ − 2ϕB) Π̂ ⟶ 0

ζ2NB ≪ N ζ2Π2
B⟨μ2⟩ ≪ 1

4



/7IACHEC 2024 Polarization Statistics

Stokes Method with Polarized Background
• Procedure: Subtract independent Stokes of BG region from Source region 

•  

• Want variance of  

• Determine variances in Stokes for regions: 

•  

• Compute  for BG region, then  

• Let ,  

•
Then  as 

Ss = (I, qI, uI,0), Sb = (Ib, qbIb, ubIb,0), St = Ss − ζSb

Πt = (qI − qbIb)2 + (uI − ubIb)2 /(I − Ib)

V(Ss) = (N, Nq2 +
N2

∑i μ2
i c2

i
, Nu2 +

N2

∑i μ2
i s2

i
,0)

V(Sb) V(St) = V(Ss) + ζ2V(Sb)

q = Π cos 2ϕ, u = Π sin 2ϕ, qb = Πb cos 2ϕb, ub = Πb sin 2ϕb P2
t = Q2

t + U2
t

V(Π) =
V(Pt)

I2
t

+
Π2

I
=

V(Pt)
(N − ζNB)2

=
1

(N − ζNB)2 [ Q2
t

P2
t

V(Qt) +
U2

t

P2
t

V(Ut)] Π ⟶ 0
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Stokes Method with Polarized Background
• Procedure: Subtract independent Stokes of BG region from Source region 

• So far:  

• Then 

 

•
 as  

•
Caveat: requires  and 

V(Π) =
1

(N − ζNB)2 [ Q2
t

P2
t

V(Qt) +
U2

t

P2
t

V(Ut)]

V(Π) ≈
1

(N − ζNB)2

N2

∑i μ2
i c2

i
+

ζ2N2
B

∑j μ2
j c2

j
+ ζ2NBΠ2

B(cos2 2ϕ cos2 2ϕb + sin2 2ϕ sin2 2ϕb)

σ2
Π ⟶

1
N2

0

N2

∑i μ2
i c2

i
+

ζ2N2
B

∑j μ2
j c2

j
+ ζ2NBΠ2

B cos2(2ϕ − 2ϕB) Π̂ ⟶ 0

∑
i

μ2
i c2

i ≈ ∑
i

μ2
i s2

i ∑
j

μ2
j c2

j ≈ ∑
j

μ2
j s2

j
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Summary
• Variances are underestimated if BG polarization is assumed to be zero 

• Traditional formula is valid only for known unpolarized BG 

• OK if there are external reasons to assume unpolarized BG 

• Generally, should assume it is possibly polarized 

• Error contours will depend on polarization EVPA 

• Effect may be small unless  and/or  are large 

• Will only increase uncertainty

Πb ζ = Ωs/Ωb
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